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Abstract 

We compute the corrections to heterotic-string backgrounds with (2,0) world-sheet 
supersymmetry, up to two loops in sigma-model perturbation theory. We inves- 
tigate the conditions for these backgrounds to preserve spacetime supersymmetry 
and we find that a sufficient requirement for consistency is the applicability of the 
55-lemma. In particular, we investigate the a' corrections to (2,0) heterotic-string 
compactifications and we find that the Calabi-Yau geometry of the internal space 
is deformed to a Hermitian one. We show that at first order in a' , the heterotic 
anomaly-cancellation mechanism does not induce any lifting of moduli. We explic- 
itly compute the corrections to the conifold and to the C/(n)-invariant Calabi-Yau 
metric at first order in a' . We also find a generalization of the gauge- field equa- 
tions, compatible with the Donaldson equations on conformally-balanced Hermitian 
manifolds. 



1 Introduction 



The dynamics of the massless superstring modes of the various superstring theories admit 
a description in terms of ten-dimensional effective supergravities. The latter include, 
in particular, an infinite tower of a' corrections. From the world-sheet perspective, the 
equations of the target-space fields are vanishing conditions for the sigma model beta 
functions, i.e. conditions for conformal invariance. In this approach, ol is the loop- 
counting parameter in the sigma-model perturbation theory. At zeroth order in a', the 
vanishing of the beta functions is equivalent to the field equations of ordinary supergravity 
theories. Terms linear or higher in a' are associated with corrections involving quadratic 
or higher polynomials in the spacetime curvature and their supersymmetric completions. 

For generic heterotic-string backgrounds the a'-corrections to sigma-model couplings 
are not known. As a result, most configurations relevant to string theory that have 
appeared in the literature, like the compactifications of [H 121 El, the five-brane [4] and 
various five-brane intersections [3 IH] , are solutions of ordinary supergravity theories. In 
cases where there is sufficient world-volume supersymmetry, one can argue that higher- 
order corrections are absent, see j7] for a general argument. In general however, the 
investigation of stringy effects requires taking the a' corrections into account. One such 
background is the heterotic five-brane |lj which emerges at one loop in sigma-model 
perturbation. This and other related results have been extended to three loops in jH]. 

The low-energy dynamics of the heterotic string is given by = 1 supergravity in 
ten dimensions. The bosonic fields of the theory are the spacetime metric G, the NS 
three-form field strength if, the dilaton $ and the gauge field A. The Green-Schwarz 
anomaly-cancellation mechanism requires that the three-form Bianchi identity receive an 
a' correction of the form 

n' 

dH = -- {p,{M) - p,{E)) + 0{a''), (1.1) 

where pi(M), pi{E) are the first Pontrjagin forms of spacetime M and of the vector bundle 
E with connection A, respectively. In the a' expansion for H, H = T + a'f + 0(a'^), 
the lowest-order term T should be a dosed three-form, i.e. dT = 0. This stems from 
the fact that at tree-level in the sigma model, the string couples to a two-form gauge 
potential b, where T = db. On the other hand, if pi(M) ^ PiiE), then df and so 
dH 7^ 0. Global anomaly cancellation requires in addition that dH be exact, i.e. that H 
be globally defined. 

A class of heterotic-string backgrounds for which the Bianchi identity of the three-form 
H receives a correction of the type ()1.1|) are those with (2,0) world-volume supersymmetry. 
Such models were considered in |9j. The target-space geometry of (2,0)-supersymmetric 
sigma models has been extensively investigated in ^ jTUl U\ ■ Recently, there is revived 
interest in these models fUE] as string backgrounds and in connection to heterotic-string 
compactifications with fluxes [121 E] . 

In this paper we investigate the a' corrections to heterotic-string backgrounds with 
(2,0)-world-sheet supersymmetry. We take spacetime to be M = R^''"^'^ x X„ and demand 
that the background preserve 2^""' of spacetime supersymmetry. The n = 2 case was 
examined in The manifold is Hermitian equipped with a compatible connection 
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V*-^-* with skew- symmetric torsion H, i.e. Xn is Kahler with torsion (KT). At first order 
in a', the holonomy of the connection V*-"*"-* is contained in SU{n) and X„ is conformally 
balanced, see appendix A. 

We show that at linear order in a' such spacetime-supersymmetric backgrounds satisfy 
the anomaly-cancellation condition and the field equations. In the proof, we make use 
of the results of ^HI summarised in appendix A of the present paper. We find that 
the corrections to the other fields are determined by the corrections to the metric. We 
stress that consistency of the anomaly cancellation condition with the field equations 
requires that in the latter we include the two-loop contribution. A sufficient condition for 
the consistency of spacetime supersymmetry with the anomaly cancellation and the field 
equations, is the applicability of the dd-lemma^ on X„. 

We also consider the Donaldson equations on a non-Kahler Hermitian manifold. These 
are related to the gaugino Killing-spinor equation. For generic Hermitian manifolds, it is 
not apparent that the Donaldson equations are associated with a second-order equation 
for the gauge connection, i.e. a field equation. We find that they are, however, if the 
underlying Hermitian manifold is conformally balanced. 

It has been shown in |Tn] that if X„ is compact, nonsingular and all fields are smooth, 
then T vanishes and to zeroth order in the a' expansion X„ is a Calabi-Yau n-fold. We 
shall take this to be the starting point of the a' expansion. Proceeding to first order 
in a', Xn is deformed to a conformally-balanced KT manifold with hol(V'' C SU{n). 
We determine the deformations of the fields using Hodge theory. Moreover, we compute 
the dimension of the moduli space and we find it to be the same as that of the moduli 
space of the underlying Calabi-Yau manifold. We therefore conclude that at this order 
in a', there is no lifting of moduli in (2,0) compactifications with T = 0. As particular 
examples of the general theory mentioned above, we compute the 0{a') corrections to the 
conifold J7j and to the [/(ri)-invariant Calabi-Yau metric found in JHl- We find that the 
singularity of the conifold persists to first order in a'. For other a' corrections to conifold 
geometry see [213. 

This paper is organised as follows: In section two, we establish our notation and write 
down the field and the Killing-spinor equations for the heterotic string, up to two loops in 
sigma-model perturbation theory (order 0{a')). In section three, we give the conditions 
on the deformations of the metric required by spacetime supersymmetry, and express the 
deformations of the NS three-form and the dilaton in terms of those of the metric. We 
then show that the Killing-spinor equations for the aforementioned set of fields imply 
the field equations at this order in a', provided the anomalous Bianchi identity of the 
H field is satisfied. In section four, we show that the gaugino Killing-spinor equation, 
which is equivalent to the Donaldson equations on a Hermitian manifold, implies the field 
equation for the gauge connection. In section five, we compute the 0{a') corrections to 
the fields and show that the dimension of the moduli space is the same as that of the 
moduli space of the Calabi-Yau space we started with at zeroth order in a'. In section 
six and seven, we compute the 0{a') corrections to the conifold and to the Calabi metric, 
respectively. In section eight, we discuss the consequences of our results in the context 
of compactifications with fluxes and we comment on a' corrections beyond two-loops. In 

^The 99-lenima is not valid on all non-Kahler Hermitian manifolds. 
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appendix A, we summarise some of the properties of KT geometry. In appendix B, we 
explain the relation between the Lichnerowicz and Laplace operators. Finally, in appendix 
C we give a solution to the field equations at linear order in a' without the use of the 
Killing-spinor equations. 



2 Field and Killing-spinor equations 

The bosonic fields of the ten-dimensional supergravity which arises as low energy effective 
theory of the heterotic string are the spacetime metric G, the NS three-form field strength 
H, the dilaton $ and the gauge connection A. We define the connections 



where V is the Levi-Civita connection of the metric G and M, N,R = 0, 1 . . . , 9 are 
spacetime indices. The three form H has an expansion in a' of the form^ 

H = T-^ (Q3(r(-)) - QsiA)) + Oia") , (2.1) 

where T is a closed three-form, dT = and are Chern-Simons three-forms. We have 

dH = -a'P + 0{a'^) , P= ^[tr(i?(-) Ai?("))-tr(FAF)] , (2.2) 

where the trace on the gauge indices is taken as 

trF A F = F^h AF\ , F = dA + A^ . 

Similarly for the trace of R^~\ where i?*^"-* is the curvature of the connection V*^^-*. The 
four-form P is proportional to the difference of the Pontrjagin forms of the tangent bundle 
of spacetime and Yang-Mills bundle of the heterotic string. 

The string frame field equations of the heterotic string up to two-loops ^H] in sigma 
model perturbation theory are 

RmN + -^H^mlH^ NR + 2VA/5Ar<l' 

+j[R^-\iPQRR^-\'''^''-FMPabFM'''"'] + 0{a") = 

-2$ rjAf \ I r^f^'2\ 



VM{e'"'H^'RL) + 0{a") = 



i+)Mf.-^'^^...A + Oia'^) = 0, (2.3) 



where we have suppressed the gauge indices. The field equation of the dilaton $ is implied 
from the first two equations above. Our curvature conventions are given in appendix A. 



^Our form conventfons are iVk = ■^i^ii,...,ikd'X^^ A ... A dx^ 
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Let {r^; M = 0, . . . , 9} be a basis of the Clifford algebra Cliff (M^'^), i.e. T^'^T^ + 
■pAT-pM _ 2G^^^ . Then the string frame Killing-spinor equations^ are [101 E] 

V(+)e + 0(«'2) = 

(r^'9M$-^i7Mrf*^^^)e + 0(a'^) = 

FM7vr^'^e + 0(«'^) = 0, (2.4) 

where e is a section of the spin bundle 5"+.^ It is clear that the first Killing spinor 
equation is a parallel transport equation for the connection V*-^-*. Since the connection 
of the spin bundle 5*+ is induced from the tangent bundle of spacetime, the investigation 
of this Killing-spinor equation is greatly simplified. The first, second and third Killing- 
spinor equations are associated with the supersymmetry transformations of the gravitino, 
dilatino and gaugino, respectively. We shall use this terminology in what follows to 
distinguish between them. 

It is clear from the field equations that the two-loop contribution to the Einstein 
equations is at the same order as the modification of the torsion H due to the cancellation 
of the heterotic anomaly. Consistency then requires that both should be taken into 
account. The various field and Killing-spinor equations are expected to receive corrections 
to all orders in a' . Therefore a solution of the field and/or Killing-spinor equations of the 
effective supergravity theory can be expanded as 

G = g + a'h + 0{a'^) 

H = T + a'f + 0{a'^) 

$ = ^ + a'(f) + 0{a'^) 

A = B + a'Q + 0(a'2) . (2.5) 

In this expansion, the fields {g, T, ip, B) solve the field and the Killing-spinor equations at 
zeroth-order in a' . We again remark that dT = although dH may not vanish, dH ^ 0. 
The deformation (/i, /, 0, Q) linear in a' is the first-order correction to the background 
{g,T,(p, B). Of course, the fields receive higher-order corrections in a'. In what follows, 
we determine the deformations {h, /, (p, Q) by requiring that {G, H,^,A) in ()2.5|) solve 
the field (I2.3|l and Killing-spinor ()2.4|1 equations. 

3 The a' corrections to backgrounds with torsion 

3.1 World-sheet and spacetime supersymmetry 

We restrict our attention to heterotic string backgrounds of the form 

ds^ = c/s2(M^°~2") +rfs2(X„) 
^We have used the notation r*^i- -^^fc ^ r^^^i . . .T^^"!. 

^The spin group 5*^1^(1, 9) has two inequivalcnt irreducible sixteen-dimensional spinor representations 
and S± are the associated bundles. 



4 



T = ^T,jkiy)dy'Ady^ Ady'' 
ip = !f{y) 

B = Bi{y)dy' (3.6) 

where {y*; i = 1, . . . , 2n} are coordinates on a manifold n < 4, and dT = as we 
have explained in the introduction. 

In addition, we require that the background {g,T,(p, B) be compatible with (2,0) 
world-sheet supersymmetry. This means that the light-cone gauged fixed string world- 
sheet action is (2,0)-supersymmetric. In particular this implies that X„ is a hermitian 
manifold, {Xn,J,g), with complex structure J which is parallel with respect to V*^"*"-* 
connection, i.e. (X„, J,g) is a KT manifold. The torsion T of KT manifolds is specified 
by the metric g and the complex structure J, see appendix A. 

The background ()3.6p is expected to receive a' corrections because the supergravity 
field equations are modified by two- and higher-loop contributions in sigma model pertur- 
bation theory and in particular by the heterotic anomaly-cancellation mechanism. After 
these corrections are included, the background is expected to be of the form 

ds^ = ds^R^^"'') + dS^Xr,) 

H = ^H,,k{y)dfAdy^ Ady'' 

$ = $(?/) 

A = A{y)dy\ (3.7) 

where ds'^{Xn) = Gij{y)dy^dyK The three-form H is not necessarily closed, because of 

(1221). 

As we have seen, sigma model loop effects and the heterotic anomaly cancellation 
mechanism alter the geometry of the manifold X„. Nevertheless, it is expected that if the 
original manifold (X„, J,g) has a KT structure, the geometry, after the corrections are 
taken into account, remains KT. So the manifold (X„, J, G) has a KT structure as well but 
now the torsion H is not closed. This is because it is expected that there is a scheme which 
preserves the (2,0) world- volume supersymmetry in sigma model perturbation theory [25]. 

A solution {g,T,ip, B) of the zeroth order in a' field equations associated with KT 
manifold {Xn,J,g) does not necessarily satisfy the Killing-spinor equations ()2.4p of su- 
pergravity theory. The conditions for {g,T,<f, B) to satisfy the gravitino, dilatino and 
gaugino Killing-spinor equations [TUl HH] are 

hol(V(+)) C SU{n) , e = 2d^ 

F(S)2,o = F{B)o,2 = , n'^F{B),, = , (3.8) 

where hol(V''^'*) is the holonomy of the connection V*-^-*, fijj = gjkJ^j is the Kahler 
form and 9 is the Lee form of the Hermitian geometry. (The Lee-form has been given 
in appendix A). KT manifolds for which the Lee- form is exact are called conformally 
balanced. The conditions on the curvature F{B) of the gauge connection B required 
by the gaugino Killing-spinor equations imply that F is a (l,l)-form with respect to 
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the complex structure J and its trace with Vt vanishes. I.e. considered as a two-form 
F{B) takes values in the Lie algebra of SU{n). These conditions are the analogue of the 
Donaldson equations for Hermitian manifolds. It can be shown that the backgrounds of 
()3.8|) preserve 2^~" of spacetime supersymmetry. 

Conversely if {g, T, ip, B) in ()3.6|) satisfies the Killing-spinor equations ()2.4|) preserving 
2i-n q£ spacetime supersymmetry, then X„ is a conformally balanced KT manifold and 
the holonomy of V*-"*"-* is contained in SU{n). 

As we have explained, the geometry of the background (G, i7, A) ()3.7j) is expected 
to be KT. However, it is not apparent that if the {g,T,ip,B) background is spacetime 
supersymmetric, then [G, H, $, A) will also be spacetime supersymmetric. The corrections 
to Killing-spinor equations of supergravity ()3.8|) at order 0{a') are determined by the 
corrections to the metric and the torsion but otherwise their dependence on the metric 
and the torsion remains the same ^. This has the consequence that if we insist that 
the corrected background [G, H, $, A) preserve the same number of supersymmetries as 
{g, T, if, B), then J, G) is again a KT manifold for which holV(+) C SU{n), 6 = 2d^ 
and F{A)2fi = F(A)q^2 = 0, fi^-^-Fj^ = 0. In this case, V*^^-*,^ and f2 are the connection, 
Lee form and Kahler form of the metric G, respectively. 

We conclude that at linear order in a', the corrections to the geometry of X„ are 
deformations which preserve the following two properties: 

• Xn is a conformally balanced KT manifold and 

• the holonomy V*-^-* is contained in SU{n). 

In what follows, we derive the conditions on the deformations of the geometry which 
preserve the above properties and we solve the field and Killing-spinor equations to first 
order in a'. We also present a similar analysis for the conditions on the gauge connection. 

3.2 Gravitino and dilatino Killing-spinor equations 

As we have mentioned, in order to solve the gravitino and dilatino Killing-spinor equations, 
we have to specify the deformations {G, H) = {g + a'h, T + a'f) which preserve the 
properties that (X„, J, g) is conformally balanced KT manifold and hol(V''^-*) C SU{n). 

First, we consider deformations which preserve the hermiticity of the metric with 
respect to the complex structure J. This means that ha/3 = 0, where a,P = l,...,n 
are labels for the holomorphic coordinates on X„. It can then be easily shown that 
hol(V*-^'') C U{n) provided that the deformation for the torsion is 

/a/37 ~ + V/sha^ , (3.9) 

where V is the Levi-Civita connection of the metric g, f^p-^ = {fap^Y ^^^d the rest of 
the components vanish. The latter is required because the torsion of a KT geometry is a 
(2,1)- and (l,2)-form. 

^It is not expected that this property of the KilHng spinor equations persists to all orders in sigma 
model perturbation theory. The dependence of the Killing-spinor equations on the metric and the torsion 
will change at higher orders jJSJ- 
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Furthermore, the deformation of the connection of the canonical bundle^ of X„ asso- 
ciated with V*-^-* is 

+ iT-sp^g''^K-s-iT^p.,h^^]+0{a'^) (3.10) 

where oj{g) is the connection of the canonical bundle associated with the connection'' 
V^^\g) and uja = {'^a)* ■ A necessary and sufficient condition for hol(V^"'"'') C SU{n) is 
that the curvature of the canonical bundle vanishes. For the connection ()3.10|) . a sufficient 
condition is 

2iV/3/i«^ - iVo.h% + iT-sp^g'^^Ks - iT^p^hf"^ = , (3.11) 

where V = V{g). 

It remains to find the condition required for Xn to remain conformally balanced after 
the deformation. For this, we compute the first-order deformation of the Lee form to find 

= 0{9)a + a'[-Va{9^%p^) ' ^ pK^Q^^ + ]fo.p^h''^ ' fs^g^^ h^s , (3.12) 

where 6{g) is the Lee-form of the {g, J) geometry. Substituting ()3.1ip in ()3.12j) . we find 
that ^ 

0a = 0{9)a + ^^a{9^^hf3^) (3.13) 

The dilatino Killing-spinor equation can be solved by setting 

</. = ^/U^, . (3.14) 

Therefore the dilaton is deformed to 

$ = y, + ^/7/,^_+0(a'2) . 

The equations that remain to be solved are those in ()3.1H) . Observe that these equa- 
tions are 2n in number, i.e. as many as the diffeomorphisms of X„. Since there is some 
redundancy in specifying the deformation h up to an infinitesimal diffeomorphism gener- 
ated by the vector field v, i.e. h'^^ = h^^ + 'VaV^ + 'V j^Va, it is expected on physical grounds 
that it is always possible to choose an h so that p.lip is satisfied. Therefore ()3.11|) can be 
viewed as a choice of gauge fixing for diffeomorphisms of X„. In the following, we provide 
more evidence that this is a good gauge choice. 

It remains to examine the conditions on the gauge connection. We postpone this 
for after the investigation of the field equations of the metric and the two-form gauge 
potential. 

^This is the diagonal U{1) part of a U{n) connection on the tangent bundle. 

^To avoid confusion, sometimes we use the notation V^+^(.g) to denote the connection V^"*"^ with 
respect to the metric g. 
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3.3 The solutions of field equations 

Having derived the conditions for the deformations to satisfy the gravitino and dilatino 
Kilhng-spinor equations, we now focus on the solutions of the field equations for the metric 
and the NS two-form potential. In particular we show that at order a' both these field 
equations are satisfied provided that the heterotic anomaly-cancellation condition holds. 

Assuming that the background {g, T, ip) satisfies the field equations at zeroth order in 
a', substituting ()2.5j) in the field equation for the metric (j2.H|l and collecting the terms 
linear in a', we find 

A L f — f mn _|_ ^UiTin Jilrp rp 

'-^L'Hj ^-'-imnjj ^^jmnji 2 ^ivak-'-jnl 

+ 2Vi9,-0 - g^'iV.hjk + VjKk - Vkhi,)di(t)o + Si, = , (3.15) 
where is the Lichnerowicz operator with respect to the metric g (see appendix B) and 

*J 4 iklm-''^ J ^ ikao-'- J J 

is the two loop contribution to the beta function. The curvature R^~^ is with respect to 
{g,T) and F = F{B). 

Clearly, ()3.15p is rather involved. To proceed, we take the original background {g, T, 
(f, B) to be spacetime supersymmetric in the sense described in the previous section. In 
addition we assume that after the deformation the background remains supersymmetric. 
As we have seen this is equivalent to requiring that the KT geometry (X„, J, G) be confor- 
mally balanced and hol(V(G)*-"^'') C SU{n). Substituting the deformation (j2.5j) in ()A.4|) 
of appendix A and collecting the terms linear in a', we find that 

-f van f _i_ ^h™"^ n^^T T 

L'Hj ^J-imnJj ^J-jmnJi ~r ^ iJ -'-imk-'-jnl 

+ 2Vid,<j) - g^\V^h,k + - Vkhij)di<j)o = ^ J^rf^i„^„fi™" (3.16) 

Observe that there is no explicit contribution of the metric deformation on the right- 
hand-side of ()A.4|1 . This is because at zeroth order the torsion is closed, dT = 0. Using 
(jTT^ and we find that 

-^J^ idfkjmrSV^^ + Sij = . (3-17) 

Next consider the anomaly-cancellation condition ()2.2j) which to linear order in a' can 
be written as 

df = -P, (3.18) 

where P depends on (^f, T, B). Since we have assumed that the background {g, T, (p, B) is 
supersymmetric, R^~^ and F satisfy the conditions 

p(-)j jm jn F?(~)* 0™"'fi'(~)* n 

^mn j'^ k^ I — J^kl j 1 ^' ^mn j ~ ^ 

TP a jm jn T? o. Civnn j-i a r\ ('Q 1n^ 

-Tmn k'J I — ^ kl b , " ^mn — U . (^d.iyj 
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These conditions on R^~^ can be easily deduced from the fact that the holonomy of V^^-* is 
contained in SU{n) and R^~\j^ki = R^~^\i,ij provided that the torsion is closed {dT = 0). 
The conditions on F can be deduced from the Killing-spinor equations of the gaugino. 
Contracting the anomaly-cancellation condition^ ()3.18|) with the Kahler form Q and using 
()3.19p . it is easy to see that the field equation for the metric ()3.17|) is satisfied. 

In order to solve the field equations for the metric, it is sufficient to solve the anomaly- 
cancellation condition ()3.18|) . Substituting ()3.9|) in ()3.18|) . we find that 

P = -2iddY (3.20) 

where Yij = hi^J^ j. The global anomaly-cancellation condition requires that P be exact. 
Since P is an exact, real (2,2)-form, if the dd-lemma. is valid on then there is a real 
(l,l)-form Y globally defined on X„ such that ()3.20|) is satisfied. On Hermitian mani- 
folds which are not Kahler, the dd-lemma. is not valid in general. Therefore a sufficient 
condition for the existence of spacetime supersymmetric solutions in backgrounds with 
non- vanishing torsion, T 7^ 0, is the validity of the 99-lemma. 

The solution to the anomaly-cancellation condition ()3.20j) is not unique. Indeed, if Y 
satisfies fl3.20|) . then 

Y' = Y + dw + dw (3.21) 

where w is a. (l,0)-form, is also a solution. This gauge freedom in Y is equivalent to 
specifying the deformation h in the metric up to an infinitesimal diffeomorphism. This 
can be easily seen by setting v = —iw. Therefore having determined Y from ()3.20j) . we 
still have the gauge freedom to solve the supersymmetry condition ()3.11|) . 

The solution of ()3.20|1 up to a gauge transformation ()3.21|) is not unique. The classes 
of independent solutions are described by the Aeppli group V^'^{Xn) defined by 

^1,1 ^ Ker(2gg:Ai-i(X„)^A=^'^(X„)) 
aAO'i(^n) + ^Ai'0(X„) 

see |21] for a related discussion. The dimension of this group is the dimension of the 
moduli space of solutions of ()3.20|) . However it is not apparent that all elements of this 
group are associated with spacetime-supersymmetric deformations. The latter should in 
addition satisfy ()3.11|) . 

It remains to show that the field equations of the NS two-form gauge potential are 
satisfied as well. The proof of this is based on an identity shown in |16j (corollary 3.2) 
which can be stated as follows: Let (X„, J, G) be a conformally balanced KT manifold 
with torsion H, dH ^ 0, and hol(V(+)) C SU{n), then 

^^Hijk = 9i Wjk . (3.22) 

This statement is valid irrespectively of whether or not G is a small perturbation of 
another metric g. 

Both KT structures {Xn,J,g) and {Xn,G,J) satisfy the aforementioned conditions 
because they are supersymmetric. Therefore both satisfy ()3.22|) with their respective 

^This derivation of H3.17|l from (|3.18l) is sensitive to the relative numerical coefficient of the two-loop 
contribution to the metric field equation and that of the anomaly-cancellation condition. 
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torsions and Lee forms. Using ()3.22j) for the ol corrected background (G, iJ, $, A), the 
field equation ()2.3|1 for the NS two-form 

- 2di<!>Wjk + V'H,,k + 0{a'^) = (3.23) 

can be written as 

which vanishes identically because J, G) is conformally balanced. Since the field 
equations for the background {g,T,(p, B) are satisfied by assumption and as we have 
shown the field equations ()3.23j) for (G, H, $, A) are satisfied as well, the part of ()3.23j) 
linear in a' vanishes identically. Therefore the field equations for the NS two-form gauge 
potential are satisfied without additional conditions on the deformation h of the metric. 

4 The gauge field 

The main purpose of this section is to show that the Killing-spinor equations of the 
gaugino imply the field equations of the gauge field before and after the a' corrections 
are taken into account. The simplest way to show this is by investigating the properties 
of gauge fields on conformally balanced KT manifolds. 

4.1 Gauge Fields on KT conformally balanced manifolds 

We first describe the well-known relation between the Donaldson equations and the field 
equations of a gauge connection on a Kahler manifold. Let ii^ be a vector bundle over a 
Kdhler manifold (M, J, G) equipped with a connection A with curvature F. If A satisfies 
the Donaldson equations 

Fo,2 = F2,o = , n^'F,, = , (4.24) 

then it is straightforward to show that A solves the field equations 

V'Fij = . (4.25) 

The proof makes use of the Jacobi identities for F. Donaldson has shown that if ii^ is a 
stable bundle over a complex surface M, then there is a unique connection which solves 

dOl- 

Next suppose that E is a vector bundle over a non-Kahler conformally-balanced KT 
manifold (M, J, G) equipped with a connection A with curvature F. Donaldson equations 
()4.24j) can be easily generalised to KT manifolds by allowing Q to be the Kahler form 
of the Hermitian metric G. We shall show that the Donaldson equations imply the field 
equations 

V(+)*(e-2*F(A)i,) = , (4.26) 

where V^"*"-' is the connection of the KT structure (M, J, G) with torsion H and Lee form 
9 = 2c/$. For this we choose complex coordinates with respect to the complex structure 
J and rewrite ()4.26|1 as 

-2V,G^'^Fp^ + G^'^V.Fp^ - ^H\^Fs^G^^ - ]^H\^F-p,G^~^ = 



10 



The Jacobi identities imply that 
where 

I - I - 

and V is the Levi-Civita connection of the metric G. Collecting the various terms together, 
we find that 

{6^ - 2dy^)G^~^ F-p^ = 

which vanishes identically because (M, J, G) is conformally balanced, 9 = 2d^. Therefore 
equations ()4.24|) together with the Jacobi equations imply the field equations ()4.26|1 . 

4.2 The gauge field equations 

We shall use the result of the previous section to show that the field equations of the 
gauge field are satisfied provided that the Killing-spinor equations ()2.4j) are satisfied. 

Assuming that the background {g, T, ip, B) and its deformation (G, H, $, A) satisfy the 
Killing-spinor equations ()2.4|) . the KT structures (X„, J, g) and (X„, J, G) are conformally 
balanced and the holonomies of their V'-"'"'' connections are contained in SU (n) . In addition 
both gauge connections B and its deformation A satisfy the conditions ()4.24|) -the latter 
up to linear order in a' . 

Applying the theorem proven in the previous section, we conclude that the background 
{g,T,(p, B) and its deformation {G,H,^,A) satisfy the field equations ()4.26|) -the latter 
up to linear order in a'. Expanding ()4.26|) in a' for the background {G, H, $, A) and since 
()4.26p is satisfied at zeroth order in a', the linear term in a' will vanish identically. Thus 
if the background {g,T,(p, B) and its deformation {G,H,^,A) satisfy the Killing-spinor 
equations, then the field equations (j2.3j) for the gauge potential are satisfied without 
additional conditions on the deformations. The conditions on the deformation Q of the 
gauge connection B are 

^aQf3-'^(iQa = ^aQp-^pQa = 

h^^F{B)^^ + g'^^(VMp-'^pQa) = 0, (4.27) 

where the covariant derivative V is with respect to the gauge connection B. We have 
derived these by substituting the deformation (G, H, $, A) of {g, T, ip, B) in the Kilhng- 
spinor equations (j4.24j) and by collecting the terms linear in a' . 

It remains to find whether the Killing-spinor equations for the gaugino or equivalently 
fl4.24j) have solutions on a general conformally balanced KT manifold. It is easy to inves- 
tigate the case where A is an abelian connection. However, the non-abelian case is more 
involved and so we shall not pursue this further. 

5 (2,0) heterotic compactifications 

The compactification ansatze for the heterotic string which preserve (2,0) world-volume 
supersymmetry and are spacetime supersymmetric, are given in ()3.6|) with the additional 
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assumption that the internal space Xn is compact ^. As we have discussed, such back- 
grounds are expected to receive a' corrections. Using the machinery developed in the 
previous sections, we shall investigate the deformations of these backgrounds due to a' 
corrections. 

5.1 The zeroth-order solution 

As we have explained the requirement for a compactification to preserve (2,0) world-sheet 
supersymmetry and 2^~" of spacetime supersymmetry in (10 — 2n)-dimensions leads to an 
internal manifold with a conformally balanced KT structure and hol(V''"*"'*) C SU{n). 

The additional requirement that Xn is compact^", the implicit assumption that all the 
fields {g, T, (p) are smooth on X„ and the fact that at zeroth order in a' dT = 0, impose 
strong restrictions on the geometry of X„. It has been shown in under the above 
assumptions^^ that X„ is Calabi-Yau , T = and the dilaton (f is constant. In addition 
at zeroth order in a' the gauge connection B satisfies the Donaldson equations ()4.24|) on 
the Calabi-Yau manifold X„. These data are the starting point of our a' expansion. 

The Calabi-Yau background {g, (f, B) receives a' corrections. The deformation (G, iJ, 
$, A) of ((?, if, B) has non-vanishing torsion H which is not closed, dH ^ 0, as required 
by the anomaly-cancellation mechanism. Note that the zeroth-order term in H vanishes 
and so H is purely first-order in a', H = a'f + 0(q;'^). 

5.2 The first-order solution 

To find the correction (G, H, $, A) to the Calabi-Yau geometry {g, ip, B), we have to solve 
equations ()3.1H) . ()4.27|) for the first-order deformations {h, f,(f),Q). The deformation 
to the dilaton is given in ()3.14|) . = jg^^hjSy. Similarly, the deformation / of the torsion 
is given in ()3.9p . The remaining field and Killing-spinor equations are satisfied without 
further conditions. 

Since for this background the torsion vanishes at zeroth order in a', condition (j3.1H) 
arising from the requirement that hol(V*-'^'') C SU{n), can be rewritten as 

V^/i,^ - ^Vaig^^h^p) = . (5.28) 

The above equation can be thought of as a gauge-fixing condition for the deformations as- 
sociated with infinitesimal diffeomorphisms of the underlying manifold. Condition ()5.28p 
can always be attained. To see this, first write ()5.28|) in real coordinates 

V^hji - ^Vih^j = . (5.29) 

^The ansatz was considered in ^Uj where it was shown that no warp factor is allowed for the 

non-compact part of the metric. Therefore, as is easy to see using sigma-model perturbation theory, there 
can be no such warp factor in (|3.7(l either. 

^"^This assumption is sufficient for the spectrum in (10 — 2n) dimensions to be discrete. 

^^In fact in JHI it was shown that Xn is Calabi-Yau even if dT ^ provided a certain inequality holds. 
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Suppose that h does not solve ()5.29p . We shall show that there is a f such that h' given 
by h[j = hij + ViVj + V jVi satisfies fl5.29j) . v is determined by 

V^VkV^ + ^V.V'^t;^ = V^7i,, - ^V^y, . (5.30) 

First note that the Kernel of the operator on the left-hand-side of the equation above is 
zero on an irreducible Calabi-Yau manifold. Indeed let v be in the Kernel. Then 

/ {v'V'VkV^ + Iv'V.V'v,) dvol = - / (VkV^V^v' + liV'vk)') rfvol = . 
Jxn 2 Jm V 2 / 

Thus V is parallel with respect to the Levi-Civita connection. Since Xn is irreducible, 
there are no parallel one-forms on Xn and so the Kernel vanishes. Therefore equation 
(j5.3(J|) can be solved for v since the right- hand- side does not vanish, by assumption. 

We can also determine the metric moduli of (2,0) compactifications. Since the dd- 
lemma applies for Calabi-Yau manifolds, the Aeppli group V^'^{Xn) is isomorphic to the 
the Hodge group if^'^(X„). Thus the dimension of the moduli space is the Hodge number 
h^'^ which is the same as the number of metric moduli of Calabi-Yau manifolds. Of course 
one can also take into account the moduli associated with including in the theory NS two- 
form gauge potentials. The latter are harmonic (l,l)-forms. This leads to a complex 
moduli space of real dimension 2h^'^. One concludes that the metric moduli of Calabi- 
Yau (2,0)-compactifications, which are associated with NS fiuxes induced by the heterotic 
anomaly, are not lifted. An effect of the heterotic anomaly-cancellation mechanism is a 
shift in the origin of the moduli space. 

The moduli of the theory associated with deformations of the complex structure of 
the underlying Calabi-Yau manifold is not lifted either. The analysis that we have done 
using the complex structure J can be repeated with any other complex structure on the 
Calabi-Yau manifold. Therefore, we conclude that the presence of NS flux associated with 
the heterotic anomaly cancellation mechanism does not lift the Calabi-Yau moduli at this 
order in a' perturbation theory. 



6 The a'-corrected conifold 

The conifold is a singular non-compact Calabi-Yau threefold jTTj. Here we apply the 
machinery of the previous sections to compute the a' corrections explicitly. 

The conifold can be thought of as a Ricci-flat cone over a T^'^ space, where the latter 
is a particular f/(l) flbration over S"^ x S'^ 25.'. Let < 0j < 2tt, < 6'j < vr, i = 1,2 
be angular coordinates parametrising the two spheres S"^ , < < Att he the coordinate 
on the U{1) flbre and p > be the radial coordinate. The line element of the conifold is 

ds'^ = gmndx"^dx" = dp^ H (dip + cos9id(f)i + cos02d(j)2Y 

9 

2 2 

+ —(sin^9id(Pl + del) + —{sin^02d(l)l + dOl) . (6.31) 
6 6 

The second term on the right-hand-side is the vertical displacement along the U{1) flbre 
whereas the last two terms represent the line element of S"^ x S'^. There is a conical 
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singularity at p = 0, where the T^'^ base of the cone shrinks to zero size. It is useful to 
note that T^'^ is topologically S"^ x S^. 

Let us now consider a deformation gmn Qmn + Ci'hmn, where hmn is hermitian, 

hklJ mJ n — h^mn- (6.32) 

The complex structure J of the conifold is 

J'^^^^ = sinOi , 

J^^<p2 = sin92 , 
1 



J4-1 



J^2 



9i 



02 



sinOi 
1 

sin92 
P 





= -^cosO 

KJ 




= ——cosO' 
3 




= cotOi, 


J^B2 


= COt92, 




3 




P 



hmndx^dx^ = Dldp^ + ^{dip + cos6id(j)i + cos62d(j)2Y] 



and the rest of the components vanish. Condition (|6.32|) implies that hmn is of the form, 

t 
9 

+ A{sin^6id(t)l + del) + C{sin^e2d(j)l + dOl) 

+ 2B sinil){sin9id(j)id92 — sin92d(j)2d9i) 

+ 2Bcosip{d9id92 + sin9isin92d(f)id(f)2) ■ (6.33) 

We take A, B, C, D to be functions of the radial coordinate alone. With this assumption, 
it can be seen from the form of most general T^'^ metric given in (2^1, that ()6.33|) is a 
foliation of T^'^ spaces. 

The gauge-fixing condition (|5.29p is equivalent to 

= A + C+\p{A + Cy-^/-lp'F 

= B (6.34) 
In order to solve the Einstein equation, we need to find 



■nkls- 



After some computation, we get 



— ^<t>24>2 ~ ) Sq^0^ — 80202 ~ (6.35) 
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The Einstein equation ()3.15|) (or its gauged-fixed version (C.4) of appendix C) is then 
equivalent to the following set of conditions, 

= B 

= A + C + ^i-8D + 5pD' + p^D") 

= 6pA' + 6p'^A" + p'^i-AD + 5pD' + p'^D") -3 

= A' + pA" - C - pC" (6.36) 

Demanding that the total metric be asymptotic to the conifold in the region p/y/a' oo, 
the general solution to order 0{a') reads 



A = 




3 
2 


-C1-C2 log— 
Po 


B = 









C = 




3 
2 


+ ci + C2 log— 
Po 


D = 


3 

8p2 







(6.37) 



where po is a dimensionful constant introduced to make the constants Ci, C2 dimensionless. 
Note that the gauge- fixing condition ()6.34j) is automatically satisfied by the solution ()6.37|1 . 
Therefore the solution is spacetime supersymmetric. 
To summarise, the (9(a')-perturbed metric is 

ds"^ = (1 - ^) + tt (# + cos9id(l)i + cosd2d(t)2f] 

op 9 

+ irtl - - ^1 - ^2 log^)]{mn%d<Pl + dOl) 

6 8p^ 2 Po 

+ ^[l-^^A + c, + C2log^)]{sin'92d<Pl + del). (6.38) 
6 8p^ 2 Po 

The perturbation is valid in the regime p/yfa' » 1. In order to be able to extract 
any information about the behavior of the metric near the apex (p = 0), the full tower 
of a' corrections would have to be taken into account as these become important in 
the sub-stringy regime p/\foi' < 1. This is clearly beyond the validity of our analysis. 
Nevertheless, we can attempt to extrapolate our result to the region p/y/a' ~ 1. An 
analysis then reveals that at a radial distance of the order of y/a', an S*^ in the T^'^ base 
shrinks to zero volume. We therefore find that the singularity of the conifold persists, 
although it becomes milder in the sense that not the entire base shrinks to zero. 
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7 The ce'-corrected ?7(n)-invariant Calabi-Yau metric 

To describe the f/(n)-mvariant Calabi-Yau metric JH], we introduce complex coordinates 
{z°'] a = 1, . . . ,n} and consider the U{n) invariant Hermitian metric 

ds'^ = A{r'^)dz ■ dz + B{r'^)z ■ dz z ■ dz , 

where = 6a^z°'z'^, dz ■ dz = d^pdz'^dz^ and similarly for the rest. The metric is Kahler 
if 

B = A' 

where the prime denotes differentiation with respect to r^. The Levi-Civita connection 
one-form is 

r% = A-'A'iS'^pz ■ dz + zpdz"^) + ——,±-J-z''zpz ■ dz 

The holonomy of the above connection is contained U (n). The metric is Calabi-Yau if and 
only if the holonomy of the above connection is in SU{n). The connection of canonical 
bundle is 

where det{g^0) = A'^~^{A + r^A'). The curvature of canonical bundle vanishes iff 

n 

where A is a constant. The most general solution of this equation is 



^2n ' 



where c is constant. This metric is the Calabi-Yau metric on the orbifold C"/Z„ after 
resolving the singularity at the origin by replacing with a CP^. Next we compute P = 



|tri?2 to find 

P = ^C{dz A dz) A {dz A dz) + ^C'z ■ dz A z ■ dz A {dz A dz) , 

where 

If A'\2 / A" n A-l( /1'^2\ 2 



C={n + l)A-\A')^ + 2A~^A'r 



r 



A + rM' V A + r^A' 

and {dz A dz) = 6^^ dz" A dz^ . After some computation, we find that 

c 



C = n{n + l)(^ 

In addition setting 



h = D{r'^)dz ■ dz + E{r'^)z ■ dz z ■ dz 
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and Y^B = —ih^g, we find that P = —2iddY implies 



D'~E = -\c. (7.39) 



Condition (j5.28|) for gives 



2(n - l)A-^E - (n - VjA'^D' - {n - VjA'^A'D + \[A''~\D + r^E)]' = . (7.40) 

A 

The supersymmetric deformation can be computed by solving ()7.39|) and ()7.40|) . Substi- 
tuting for E in ()7.4()j) . we find after some algebra that 

cMn + 1) 3A + ^ c\n-l) 1 
8Ar« (A + -i,)2 (A + -fe,) 

+ [^(^ '^.) + 2(A + ^:)]D' + ^(A + ^)D" . (7.41) 

We have not been able to obtain a closed form for D. But we can solve the equation 
perturbatively in a large distance expansion. The result reads, 

^ ^ n(c/A)^ ^ -5n^ + 8n + 1 (c/A) 

3^4n+4 ^ 2n + l r2" ' ' ' ^ 

n(c/A)2 ^ 3 ^2 - 14n - 3 (c/A) , , , 

_D = _L_i £_f I .Lj: i _|_ ) f7 42) 

8^4n+2V2n + l (2n + l)(3n + l) r2" '"^ ^' ^ 



Note that the leading correction to the metric behaves like r' 



-4n-2 



8 Concluding Remarks 

Compactifications with fiuxes lead to lower-dimensional effective theories which exhibit 
potentials lifting some of the moduli. The relevant flux for (2,0) heterotic-string com- 
pactifications is the NS three-form H. There are two possibilities. One is to allow for 
a non-vanishing flux at zeroth order in a'. Then the internal manifold is either non- 
compact or/and some of the flelds are singular. We have extensively investigated the case 
of Calabi-Yau compactiflcations where the NS flux vanishes at zeroth order in a'. As we 
have shown such compactiflcations develop a non-vanishing flux H and a non-constant 
dilaton at flrst order in a'. In addition, at this order in a', the compactiflcations have the 
same dimension of moduli space as that of the moduli space of the Calabi-Yau manifolds 
at zeroth order in a' and so there is no lifting of moduli. 

The effective lower-dimensional theories which arise in standard Calabi-Yau compacti- 
flcations, i.e. without NS flux, may be different from those with flux. If there is no NS flux 
induced by the heterotic anomaly-cancellation mechanism, then it is consistent to take the 
lower-dimensional effective action to be the standard ten-dimensional N=l supergravity 
action. Of course there will be higher-order a' corrections. Nevertheless it is consistent 
to consider only the zeroth order in a'. On the other hand, if one wishes to consider the 
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NS fluxes induced by the heterotic anomaly-cancellation mechanism, consistency requires 
that curvature square terms in the field equations and their supersymmetric completion 
should be considered as well. These will contribute to the lower- dimensional effective 
theories. 

The other possibility is to introduce a non-vanishing H fiux at zeroth order in a' 
and to allow for some fields to be singular or/and for the internal manifold to be non- 
compact. In the case that the manifold or the fields are singular, one may expect that 
these singularities can be resolved by taking into account a' corrections. We have seen, for 
example, that after taking into account the linear order a' correction to the conifold, the 
metric is less singular but the singularity is not completely resolved. In a scenario where 
the singularities are removed and the internal manifold remains compact, some moduli 
may be lifted and potentials of the type given in i28^ may be generated in the effective 
theory in lower dimensions. 

Similar conclusions can be drawn for compactifications of other theories with fiuxes in 
the presence of an anomaly-cancellation mechanism. Such an example is M-theory |27j . 
To investigate the consistency of the anomaly cancellation with spacetime supersymmetry 
as we have done for the heterotic string, one needs to know the higher-order derivative 
corrections to D = 11 supergravity and their supersymmetric completions. 

It is of interest to speculate on the geometry of the background (jH.fjj) after all a' cor- 
rections are taken into account. It is expected that such a background is a Hermitian 
manifold, based on the assumption that (2,0) world-sheet supersymmetry is preserved 
in sigma-model perturbation theory. It is unlikely that the supergravity Killing-spinor 
equations will remain of the form (j2.4p . The dependence on the metric and the torsion 
will change and higher- curvature terms are expected to appear |231- So the conditions 
for preserving spacetime supersymmetry will not be simply expressed as conditions on 
the holonomy of the V*^^-* connection and on the Lee form 9 of the Hermitian geometry. 
However, some properties of the underlying manifold may be preserved. It is plausible to 
assume that the manifold satisfies the 59-lemma and the canonical bundle is holomorphi- 
cally trivial. It has been shown in |21j that Moishezon manifolds with these properties 
admit a connection with skew-symmetric torsion and holonomy contained in SU{n). How- 
ever, it is not apparent that the associated metric is that which arises after taking into 
account all a' corrections. In addition, on such non-Kahler Moishezon manifolds there is 
no KT structure for which the associated three- form field strength is closed [25 . There- 
fore such manifolds cannot be used as the starting point of the sigma-model perturbation 
theory. 
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Appendix A Useful Formulae for KT Geometry 



Let {Xn, J, G) be a KT manifold, i.e. Xn is a hermitian manifold of complex dimension 
n with metric G and complex structure J such that V^^\J = 0, where V^"*"-* has skew- 
symmetric torsion H. In the mathematics literature V*-"*'-* is called the Bismut connection. 
The holonomy of V*^"^-* is contained in U{n). In complex coordinates, the holonomy 
condition requires r^-'^'''^^ = which in turn gives 

= —daGfs^ + df^Ga^ . (A.l) 

The rest of the components of the torsion are determined by complex conjugation. The 
(3,0) and (0,3) components of H vanish as it can be seen from the integrability of the 
complex structure. So H is determined uniquely in terms of the metric and complex 
structure of (X„, J, G). The Lee form of the KT geometry is 

Gi = -J^HjkiQ'^^ , 

where Qij = GikJ^ j is the Kahler form. In complex coordinates, the Lee form can be 
written as 

= dJndet{G^^) - G^^d^G^^ (A.2) 

and 9a = (^q)*. 

The connection of the canonical bundle induced by V*^^-* is 

u;, = 2r(+)/^ - 2r(+)/^ = 2iG''W(sGa^ - iG^^d^Gp^ (A.3) 

and uOa = ((^«)*. Let p = du he the curvature of the U{1) connection u. The holonomy 
of the connection V^"*"-* is contained in SU{n), iff p = 0. 

A KT manifold is conformally balanced iff there is a function $ on Xn such that 
6 = 2(i$, i.e. the Lee form is exact. It has been shown in JH] that if {Xn, J, G) is 
a conformally balanced KT manifold and the holonomy of V^^-* is contained in SU{n) 
(p = 0), then 

R,j + \H\iH',k + 2V.c',$ = ^j\{dH)ki^n^'^^ , (A.4) 

where V is the Levi-Civita connection of the metric G. Note that we do not require 
dH = in the above expression. 

Our conventions for the curvature of a connection F are 

T3 k o pfc Q -pk I -pk -pm -pk -pm 

J^ij I — L/jJ- jl <Jj>- il-r i- im'- jl J- jm'- il 

and the Ricci tensor is Rij = Rmi^j- 

Appendix B Lichnerowicz and Laplace operators 

Let {M,g) be a Riemannian manifold with associated Levi-Civita connection V. The 
Lichnerowicz operator A^, is defined by 

Ri^ig + eh) = Rij + e^L^j + 0{e^) . 
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So Ai, is the first-order deformation of the Ricci tensor. A calculation reveals that 

The Laplacian operator A on a two form Y is 

AFij = — -V'^VfcFjj — RikjiY^^ + -RikY^j — -Rj^Y^i . 

On Ricci-flat Kahler manifolds, we can relate the Lichnerowicz operator to the Laplace 
operator on two-forms by choosing the gauge fixing condition 

for infinitesimal diffeomorphisms and by using the relation Yij = hikJ^i between symmet- 
ric (l,l)-tensors and (l,l)-forms. The Hermiticity condition for the metric implies that 
the deformations h of the metric are (1,1) tensors. 

Note that the above gauge can always be attained. Suppose that h does not satisfy 
the gauge. Assume that there is an infinitesimal diffeomorphism v such that h'^^ = hij + 
Vjfj + Vjf j satisfies the gauge. Then v is determined by the equation 

To show that there is always such a v, we must invert the above equation. This can be 
achieved iff V^hji — \Vih^k is orthogonal to the kernel of the elliptic operator V'^Vfc. We 
rewrite the above equation as 

{d5 + 5d)V = -WYji + ^ J^Vfc/i^,- , 

where Vi = v^J^i and 6 is the adjoint of d. Of course this equation can be inverted iff 
the right-hand-side is orthogonal to harmonic one-forms. Indeed let Z he a harmonic 
one-form, then 

f z' (-V^Yi + -QkiV'h^j) dvol = - f (ViZjY'^ + -V^Z. Q'^ dvol = 
Jm V 2 / Jm V 2 / 

because Z is closed. 



Appendix C Another derivation of the field equa- 
tions for (2,0) compact ificat ions 

The first-order corrections {h, /, (p) to the background of a Calabi-Yau compactification 
{g,^p), T = 0, can be determined by the field equations without using the conditions for 
spacetime supersymmetry. To show this, we substitute ()2.5|) in the field equation ()2.3|) 



20 



and collect the linear terms in a' . Using the fact that at zeroth order in a' the geometry 
is Calabi-Yau, the equation for the metric gives 

^Lhij + S,, + 2V,9,-0 = , (C.l) 

where A^^ is the Lichnerowicz operator (see appendix B). In this case, we have 

^lKj = -^V'h,, - R^k.ih''' + iv.V'^/ifc, + iv.V'^/ife, - iv,V,/i\ (C.2) 
because X„ is Calabi-Yau and Rij = 0, and 

C [R f? ^^"^ TP TP '^'^^1 (C^ 

The covariant derivative V in (jC.ljl and (jC.2j) and the curvature R are with respect to 
the Calabi-Yau metric g. 

To solve equation ^Cl\ with respect to /i, we shall exploit the well-known relation 
between the Lichnerowicz and Laplace operators on Calabi-Yau manifolds. There are two 
ways to do this. One is to use the scheme dependence of the two-loop beta function and 
the other is to impose a gauge fixing condition on the deformations h of the metric g. The 
latter is common in moduli problems in order for the deformation h to be orthogonal to 
the orbits of infinitesimal diffeomorphisms. Using the scheme dependence of the two-loop 
beta function, we can arrange so that the term 

is cancelled by a wave function renormalization, where r is a real number. Alternatively, 
one can impose the gauge fixing condition 

V^/ifc, + ^v./i\ = . 

Provided that we set for the deformation of the dilaton 

(j) = -^{r + l)h\ , 

the remaining equation is 

- ]^W^hij - Rikjih^' + S,, = . (C.4) 

To solve this equation observe that is a (1,1) symmetric tensor with respect to the 
complex structure. This allows us to consider deformations of the metric which are (1,1) 
as well, i.e. to take h to he a. (1,1) symmetric tensor. It is well known that on Kahler 
manifolds there is a 1-1 correspondence between symmetric (1,1) tensors and (1,1) two- 
forms. Indeed define the forms Yij = hi^J^j and Zij = SikJ^j associated to T and S. 
Equation ()C.4|) becomes 

AF + Z = (C.5) 



21 



where 

is the standard Laplace operator on Y (see appendix B). We have taken into account that 
Calabi-Yau manifolds are Ricci-flat, Rij = 0. So it remains to invert the Laplace operator 
to determine Y in terms of Z. 

To solve the equation ()(I5|1 in terms of Y, we have to show that Z is orthogonal to 
the harmonic two-forms of Xn in the Hodge decomposition with respect to the Calabi- 
Yau metric g. This can be achieved by relating the two- loop contribution Z to the beta 
function of the metric, to the heterotic anomaly P. Using 

^ -^ijkl ^ Pijab ; 

we can show that 

7 — —P Qinn 

Now suppose that = 3. After some computation, we find that 

The cancellation of the global anomaly implies that P is exact. As a consequence the 
dual two-form *P is co-exact and so it is orthogonal to harmonic two-forms. It remains 
to show that Pmnpq^"^"'^^'^ is not harmonic. Observe that a harmonic function on X3 is 
a non- vanishing constant. Integrating the identity 

PAQ= ^P^^pgfi^^Qf^fivol 
8 

over the compact manifold X3 and using that P is exact, it is easy to see 
is not harmonic. 

This result can be easily extended to four- and eight-dimensional internal manifolds. 
The n = 2 case has been investigated in (Hj. For n = 4, the computation is similar to 
n = 3. The only difference is the relation between the two-loop counterterm and the 
anomaly. 

Next we investigate the field equation of the three-form field strength. Again substi- 
tuting ()2.5|) in ()2.3|) and collecting the terms linear in a', we find 

V7.,fc = 

or equivalently 

d^f = 0, 

where S is the adjoint operator of d. To derive this, we have used the fact that H vanishes 
at zeroth order in a'. In addition, we have that df = —P; f is well-defined because P is 
exact. Using the Hodge decomposition, we can write 

f = h + dx + Sw 
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where fh is harmonic and is a four-form. Adding the counterterm 



b = —a'X , 

the exact three-form dX can be ehminated as follows 

H = -a'dX + a'f = a' fh + a'd^W . 

Thus the field equation is satisfied and dH = —P. Alternatively, one can choose / such 
that f = fh + d^W. 
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